The quantum algebra of observables postulated in hep-th/9805057 is constructed up to degree five. All independent relations of degree four are given; they involve three as yet undetermined parameters. Definitions and symbols are used as introduced in the above-mentioned article.
In the course of constructing the quantum algebra of observables of closed bosonic strings moving in 1 + 3 dimensions the cycle of degree four of the deformation routine has been carried out. This means that all the relations of degree four have been properly taken into account, and that the resulting algebra consistently satisfies all correspondence postulates in degrees five and lower. Due to the immense computational effort involved in this cycle, all the necessary operations were performed with the help of Mathematica routines specially designed to take advantage of the so(3) representation space structure.
In order to find all the implications in degree five of the truly independent relations of degrees four and lower, in addition to the U-relations of degree four obtained in the preceding cycle, four further relations have to be taken into account: One relation defining the maximal abelian algebra a: [ B \ on the subalgebra U. The latter are obtained from the corresponding relations of the classical algebra of observables by means of the steps i) -iv). Before having established consistency in degree five, these relations involve 60 new parameters, 9 of order 2 , 47 and 4 of order and 3 respectively. Moreover, there remains one further parameter in the U-relations, which has not been determined in the previous cycles, namely f.
As it turns out -remember that the dimension of each subspace homogeneous with respect to degree, spin and parity is explicitly known -there is one further truly independent relation in the spin-parity channel 0 + . All other U-relations of degree five follow from the U-relations of degree four without the use of B \ are linearly dependent on the already obtained relations. Linear dependence disregarding terms of degree lower than five is ensured by construction. By the said postulate, the coefficients of lower degree terms must vanish, thus giving restrictions on the 61 parameters.
To be explicit, the relation [ B \
0 , B \
0 ] 0 = 0 is promoted to degree five, spin-parity 1 − , 2 − and 2 + with the help of S \ 1 , S \ 2 and T \ 2 respectively, and the truly independent relations of degree two are promoted to degree five with the help of B \
0 , producing relations of spin-parity J P = 4 − , 3 + (two), 3 − , 2 − and 1 + . All in all, a total number of 569 coefficients of terms of lower degree than five are required to vanish, each coefficient being, up to a common real or imaginary square root, a polynomial in the parameters with rational coefficients.
At first considering the linear homogeneous equations, it turns out that, as in the cycle before, all parameters of first order in Planck's constant must be equal to zero. Using this result in the other equations, the ones obtained by the vanishing of the terms of degree two involve parameters of third order in only. They are homogeneous and imply the vanishing of all these parameters. Amongst the now linear inhomogeneous equations involving the parameters of second order in , seven turn out to be independent. The equations implied by the vanishing of the coefficients in front of terms of degree one are inhomogeneous; they involve products of parameters of order 2 . It turns out that these equations are satisfied trivially, as soon as one reduces the system with the help of the equations obtained before. Hence, requiring correspondence and consistency up to degree five leaves three parameters undetermined: besides f two suitably chosen parameters g 1 and g 2 .
The vanishing of all parameters of odd degree in Planck's constant supports the conjecture that a Z 2 -grading will survive the construction process of the quantum algebra of observables. As in the previous cycles, all equations giving independent restrictions on the parameters are linear. Therefore, we still expect the parameters, initially defined to represent real numbers, to be rational-valued indeed.
Here are the relations defining the action of B \
0 on the subalgebra U with the remaining parameters in them:
Outlook and Conclusion
Due to the rapid growth of the number of U-relations induced from lower degrees and their substantial increase in complexity, carrying out the deformation routine in the cycle of degree five will be rather time-consuming. We anticipate that for the construction of the algebra satisfying the postulates up to degree six very little information, possibly none at all, has to be gained from the classical algebra in the form of additional truly independent relations. The only truly independent relation of degree five, the above-mentioned relation with spin-parity 0 + , has been computed. It introduces 22 new parameters in the course of the next cycle: 14 of order , 7 of 2 and one of order 4 . In addition to the U-relations of degree five the action of B \ (3) 0 on the truly independent relations of degree three has to be taken into account. From our experience in the previous cycles we expect that the number of independent parameters among the total of 25 will be reduced drastically when going through the next cycle.
The fact that all correspondence postulates can be consistently implemented up to degree five seems to be far from trivial to us. Our computations suggest that there is an underlying structure ensuring consistency to all degrees. To uncover this structure will be the aim of further investigations.
